Abstract-Here we review the concept of Plasmonic Parametric Resonance (PPR): a novel way to amplify high-order plasmonic modes with a uniform optical pump. PPR originates from a temporal permittivity modulation. The threshold conditions for PPR and schemes of experimental realization and detection are also discussed.
I. INTRODUCTION
The optical response of noble-metal nanoparticles in the visible spectrum is characterized by the presence localized surface plasmon resonances (LSPR). Localized surface plasmons are non-propagating coherent oscillations of freecarriers coupled to the electromagnetic field arising as a consequence of confinement effects in sub-wavelength nanoparticles. The efficiency with which a LSPR can be excited by an external incident field depends upon the spatial and spectral overlap between the excitation field and the specific plasmonic mode, or in other words on how closely the conditions of energy and angular momentum conservation are met. For deeply subwavelength plasmonic particles only the lowest order mode of electric dipolar nature is efficiently coupled to, and excited by, radiation states. The higher order eigenmodes tend to be subradiant, and by reciprocity they are nearly decoupled from free-space propagating fields. Therefore, exciting such higher order modes requires either sophisticated near-field scattering techniques [1] , or the use of active media to promote surface plasmon amplification by stimulated emission of radiation (SPASER) [2] . Just as challenging is the optical detection of such modes, due to their nearly non-radiating nature.
The aforementioned limitations of LSPR are largely dependent upon the optical excitation mechanism. A novel approach to overcome these limitations was recently introduced: the plasmonic parametric resonance (PPR) [3] . In analogy with parametric resonance in dynamical systems, PPR originates from the temporal modulation of one of the parameters governing the evolution of the state of the system. In principle any plasmonic mode is accessible by PPR using a pump field that is spatially uniform, thereby overcoming the difficulty of matching the spatial profile of high-angular momentum modes.
II. PLASMONIC PARAMETRIC RESONANCE
One convenient and physically intuitive way to describe the electromagnetic properties of a plasmonic nanoparticle is through the behavior of the induced polarization charges, which in turn can be expressed in terms of dielectric polarization density within the particle:
In equation (1) It is straightforward to show that the temporal evolution the dielectric polarization density amplitude within the particle obeys the following simple harmonic-oscillator equation:
In equation (2) n γ is the dissipation rate due to radiation and material losses, and n Ω is the resonant frequency of the mode. The instantaneous energy content of a given mode can also be expressed in terms of the polarization density amplitude ( ) n P t and its derivative ( ) n P t  , i.e. the polarization current density. For a spherical particle of radius R and permittivity 
The solution of equation 2 in the ( ), ( ) n n P t P t  phase space, results in an inward spiral trajectory in which, based on equation (3), the system's energy is periodically converted from potential to kinetic and vice-versa while undergoing dissipation. The purpose of PPR is to provide a mechanism to compensate for energy dissipation and amplify the modal oscillation. It is apparent from equation (3) that only the potential energy ( ) n U t has an explicit dependence on the modal resonant frequency. As a consequence, a modulation at some point in time 0 t of a system parameter, such as the background permittivity 2 ε , leading to an increase in the resonant frequency n Ω would 
On the other hand the same modulation would have no effect on the kinetic energy component, so the resonant frequency could be restored to its original value without extracting energy from the system at a time 1 t when its energy is purely kinetic. From these observations, a periodic modulation scheme (exploiting for instance second order nonlinearities of the background medium) can be identified which efficiently delivers energy to the plasmonic mode. It can be shown [3] that in order to achieve amplification the modulation of the resonant frequency must exceed a certain threshold given by:
The phase-space trajectory and energy content of a mode undergoing PPR is shown in Fig.1 for different parametric modulation conditions. As shown in [3] the PPR threshold condition (5) can be reached and exceeded under realistic experimental conditions for silver particles embedded in a 2-methyl-4-nitroanline (MNA) host.
III. CONCLUSIONS
We would like to summarize here the salient features of PPR in comparison with conventional LSPR, as well as in comparison with other schemes of plasmonic amplification such as SPASER [2] . A fundamental characteristic of plasmonic parametric gain is that a plasmonic mode of any order can undergo PPR and be amplified by a spatially uniform modulation of the background permittivity, provided that the temporal modulation profile is correct, and the appropriate threshold is exceeded. This is in stark contrast with conventional LSPR, which for any specific mode requires a driving field with a matching spatial profile -a condition nearly impossible to achieve in practice for high-order plasmonic modes of nanoparticles. For these reasons PPR is uniquely suitable to access plasmonic resonances of arbitrarily high order in deeply sub-wavelength structures.
A further distinction of PPR compared to LSPR must be noted: in order for a certain mode to undergo PPR it is necessary for such mode to be already oscillating in the system -however small its initial amplitude might be. In the linear regime, treating each mode as an independent and distinguishable harmonic oscillator in thermodynamic equilibrium with the background, such initial conditions can be easily determined according to a Planck distribution, implying that, at the very least, zero-point oscillations must exist, and therefore can be amplified by PPR. It is also worth pointing out that the correct initial phase relation between the pump and the plasmonic mode of interest is not a critical parameter, provided that the pump exceeds the PPR threshold. That is because PPR displays the important property of "phase-locking" that is common to all parametrically resonant systems [29] , and that leads to a synchronization between the pump and the mode experiencing parametric gain.
Finally, when compared with other schemes of plasmonic amplification, such as SPASER [2] in which there is no coherence between plasmon and pump field, the coherent nature of the energy exchange leading PPR offers interesting advantages from the point of view of the detection of the occurrence of PPR. While the amplified modes are essentially non-radiative and difficult to detect directly, the instantaneous energy content of the PPR mode affects the pump field absorption and therefore the PPR amplification dynamics are expected to leave an imprint on the pump pulse temporal profile. For the same reason we may envision using collections of particles undergoing PPR for optical limiting applications. Fig. 1 . a) Phase-space trajectories in terms of polarization amplitude and polarization current and b) temporal evolution of the energy content of a plasmonic mode under different parametric modulation conditions. When the PPR threshold represented by the green curve is exceeded the plasmonic mode experiences a net gain resulting in increasing polarization oscillations.
